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1 Introduction

M. Kontsevich gives a “deformation quantization” formula for Poisson structures
in []. Tt is, however, not the unique quantization formula and its non-uniqueness
can be addressed using an object called the graph complex GC that was also
introduced by Kontsevich in [3]. The zeroth cohomology of the graph complex,
H(GC), which is isomorphic to the Lie algebra of the Grothendieck-Teichmiiller
group, grt [5], acts on Poisson structures. Conjecturally, grt is freely generated
by classes 03,035, . .. associated to wheels with 3, 5, ... spokes, respectively. The
quantization of a Poisson structure, 7, is independent of choices if and only if
H(GC) acts trivially on .

The triviality of the flow can be determined using Poisson cohomology. Let
M be a smooth manifold and let 7 € /\2 Ty be a Poisson structure. Consider
the operator J, associated with the Lichnerowicz complex of .

O i= [7‘(, —} : /\kTM — /\kJrlT]\/[ (1)

where [-,-] is the Schouten bracket. Then 62 = 0 since |7, 7] = 0 as 7 is a Poisson
structure. The Poisson cohomology is the cohomology of H*(AFTy;,8,). The
action of the graph complex on 7 produces a Poisson cocycle. The flow is trivial
if and only if the resulting Poisson cocycle is a coboundary of the Lichnerowicz
complex of .

Last summer, I added the functionality to compute the action of the graph
cocycles of degree 0, the flow, on Poisson structures. The flow was trivial in
all the examples I computed. Currently, it is unknown whether there exists a
Poisson structure 7 such that H°(GC) acts non-trivially on 7. Therefore, it is of
interest to know whether the action of H°(GC) on Poisson structures is trivial.

In this report, we prove that the action of o3,05,... is trivial for quasi-
homogeneous Poisson structures on C2.

2 Graph Cocycles and Kontsevich Quantization
Graphs

Let G be a graph cocycle as described in [3, 2] and let = be a Poisson structure
on C". G acts on 7 by:

G 7= Z Ag Z WFBF,‘n' (2)

geG I': I' is a Kontsevich
Quantization graph of G

where Ag is the coefficient of a graph G € G, I' is a Kontsevich Quantiza-
tion graph obtained from G by adding the external vertices and the sum over
I takes all possible orientations of such Kontsevich Quantization graphs into

consideration, wr is the symmetry factor of the oriented graph I' , Br . is the
skew-symmetrization of the bidifferential operator introduced in [4].



For simplicity, let ¢, = I(e) such that e is the incoming edge to L and R,
respectively.

n

BF,‘/r(hlahZ): Z H H a[(e) 7.rI(ei,)I(Ei) (9th3th (3)
LEr——{1,..,d} |k=1 ee(Epk,)

Remark 1. We have that for nonzero terms, q # r.
Kontsevich Quantization graphs have the following properties:

1. the vertex set is [n] U {L, R} where [n] = {1,2,...,n} are the internal
vertices and {L, R} is the set of external vertices.

2. each internal vertex is at least trivalent with an out-degree of 2.
3. each external vertex has an in-degree of 1 and an out-degree of 0.

4. there are 2n edges, and both endpoints of 2(n — 1) edges are internal
vertices

Lemma 1. In each Kontsevich Quantization graph I involved in the computa-
tion in @, there exists an internal vertex that is trivalent.

Proof. Assume not, i.e in — deg(v) > 2 for all v € [n]. Then, the number of
edges in between the internal vertices is > 2n, a contradiction to property
On the other hand, for each G € G, v is at least trivalent for v € V. Then, the
internal vertices of I are also at least trivalent. O

3 Quasi-Homogeneous Case

Let m = f 0, A 9, be a Poisson structure on C? with coordinates (z,y). As-
sume that f is a quasi-homogeneous polynomial of degree D with respect to
some weight vector w = (wy,ws) corresponding to the weights of (z,y), where
wy,wy € N. Let Z¥(m) denote the space of k-cocycles and B¥(w) denote the
space of k-coboundary of the Lichnerowicz complex of 7.

Note that G - 7 has the form g 9, A 9, where g is a polynomial. We will
show that [G - 7] = 0.

Lemma 2. The resulting polynomial g is quasi-homogeneous of degree
deg(g) = nD — (n —1)(w1 + ws) (4)
Proof. By , the degree of a nonzero term in Br . is

nD—Z Z Wr(e) (5)

k=1 ecEr,
e=(*,k)



The number of terms in the double sum is equal to the number of edges that
are in between the internal vertices, i.e. 2(n — 1). We notice that there are n
constraints for a possible labelling which are of the form I(e},) # I(e?) for all
k € [n]. Otherwise the term with the labelling I such that I(e}) = I(e}) for

any k € [n] would be zero since rlE)IER) = it = 0 for i € {1,2}.
There are two cases regarding the constraints that involve ¢ and 7:

1. When ¢ = I(¢) and 7 = I(e]) for some k € [n], we have one constraint

qFT.

2. When we have two constraints: ¢ # I(et) and r # I(e{) where k # [. And
by remark |1| we then have that I(el) # I(e]).

Now, there are n—1 constraints {ci,...,c,—1} that do not involve g and r of
the form I(e}) # I(e]) which implies that Wr(es) + Wiy = w1+ w2. Therefore,
J 1

deg(g) =nD = > wre

k=1 e€cEr,

e=(*,k)
=nD — Z wy + wo (6)
Clyeeey Cp—1
=nD — (n—1)(w; + w2) O

Let I+ be the ideal generated by 0, f and 9, f.
Remark 2. Lemma 1] implies that g € Iy.
Lemma 3. If f is quasi-homogeneous with degree D # wi+ws, then [G-7] = 0.

Proof. Assume that deg(g) = nD — (n — 1)(wy + we) = 2D — w; — wa. Then,
D = wi + ws, a contradiction. Therefore, g does not contain any component
of degree 2D — w; — wy and by remark [2| and in [I, Lemma 2.5.11.], G - 7 =
g 0 N\ Oy € B%(m). O

Now, let D = w1 + wy. We know that
f = Z aijxiyj
,J

D = wy + we = twy + jwy. Then, (i — 1wy + (j — 1)wy = 0. Since wy,wy € N,
we have that either i = 0 and j = 0, ¢ = 0 and j = ‘u”)—;—&—l, or j = 0 and

i = 2 + 1 and therefore f is of the form f = azy + ba o 1 + cy%ﬂ. We can
notice three cases:
1. w; = wo with f = az? + by + cy?

2. wo = kw and f = azy + bz* 1.

3. w; = kwy and f = axy + cy* L.



If a # 0, then cases [2 and [3] are isomorphic to [T] by a change of coordinates.
Otherwise, the bidifferential operator would be 0 due to the possible labellings
of the graphs and the fact that f is a single variable polynomial. It, therefore,
suffices to treat [l

Remark 3. For o € Z°(GCy), A € GL,, and 7 € N\’ Ten, we have that:
o(A-m)=A(o ) (7)

Remark 4. Let 03,05,... € Z°(GCy) associated with the wheels with 3, 5, ...
spokes, respectively. For n € {3,5,...}, on is a linear combination of graphs
with an even number of vertices.

Now, let m =2y 0, N0y, A= ((1)(1))7 and B = ((t)tgl)'

A(U ' W)Remjrk IEG(A . 7T)
— o)

eman —1)™o(m) where m is even (8)

= o(n)
By applying (7) to B, we get that

B.o(r)=0c-(Brw)=o07 9)
Therefore, o is B-invariant. We know that om = (ax? + bxy + cy?) 0, A 0,
since w; = we = 1. Then, B-o(r) = (at?z? + by + ct~%y?) 0, A 9. So

om = bxy 0, N Oy since @ is satisfied if and only if @ = ¢ = 0. But we know
that:

A - (bxy0y A 0y) = —bxydy A Oy (10)
Finally, we have:
—om = Aom = om (11)
(L0) (8

Hence om = 0.
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